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Abstract. This paper studies the form of stationary breather modes in discrete generalized
nonlinear Klein—-Gordon equations, with symmetric and non-symmetric potential energy
functions. In the case of static breathers, the discrete nature of the spatial dimension has a
much more subtle effect on the breather than the moving breather mode. This effect is analysed
using a variety of approximating partial differential equations, whose solutions are found by
using an extended multiple-scales asymptotic approach to reduce the equation to a nonlinear
Schibdinger equation at leading order and more complex equations at higher order, where
secularity conditions are required to fully specify the solution. As well as the much studied
discrete sine—Gordon equation, the methods are demonstrated on a discrete nonlinear Klein—
Gordon equation with second-neighbour interactions and non-symmetric on-site potential. New
partial differential equations which approximate these lattice systems are also proposed and
analysed.

1. Introduction

The existence of breathers in the discrete sine—Gordon equation has been proven by MacKay
and Aubry [6] and more recently some ‘practical’ stability results have been derived by
Bambusi [1]. However, Konwengt al [5] have shown that modified systems can have
different properties and exhibit less straightforward behaviour.

The differences between breathers in the sine—Gordon (SG) and discrete sine—Gordon
systems (DSG) were explored by Remoissenet [7]. In that paper a leading-order asymptotic
expansion was used to analyse moving breathers and the results applied to a specific example.
Here we shall study stationary breathers. Larger amplitude breathers in the DSG system
are observed to be pinned to a lattice site, it is only small amplitude breathers which move
freely through the lattice. This has been observed in the numerical work of Dauxois and
Peyrard [2], and some analytical work has started to elucidate the reasons for this pinning
[14]. To understand this pinning effect it is important to know in what ways a discrete
spatial dimension affects a breather’s properties.

Hence it is of interest to find the difference in shape between breathers in continuous
and discrete systems. The work of Remoissenet [7] shows no difference between the two
for static breathers, since in this case the differences occur at a higher order than for moving
breathers. The aim of this paper is to perform the asymptotic reduction of the equation for
stationary breathers to a higher order to find the difference in shape.
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The results are applied to an example system of a coupled pair of chains, each of which
has nearest-neighbour and second-neighbour interactions. The chains considered are parallel
to each other, connected by nonlinear springs and a new interaction—that of diagonal linear
springs. To analyse the system’s dynamics, a transformation is used which uncouples the
equations into a linear differential-difference equation and a discrete nonlinear Klein—Gordon
system with second-neighbour interactions. This latter problem—an infinite set of ordinary
differential equations—is approximated by a variety of partial differential equations, and
ultimately solved using multiple-scales techniques to give a breather solution which has a
component caused specifically by the the discrete nature of the underlying system. Higher-
order, multiple-scales methods require the use of secularity conditions to solve a hierarchy
of equations generated by higher-order, multiple-scales analysis.

A variety of possible partial differential equations (PDES) approximating the system of
ordinary differential equations are suggested. These are generated using function theoretic
methods which have successfully been applied to lattices of Fermi—Pasta—Ulam (FPU) type.
For each approximating equation a dispersion relation is calculated to show how accurately
(or otherwise) the equation replicates the response of the lattice to small-amplitude linear
waves.

The remainder of this section introduces the systems studied and some of their basic
properties. In section 2 we show how to form new approximate PDEs which imitate the
behaviour of the DSG system. Section 3 shows that breather solutions can be found for
these systems, which correspond to breather solutions for the DSG system. The second part
of this paper applies these methods to a more general nonlinear Klein—Gordon lattice: in
section 4 a variety of PDEs are derived which approximate the lattice; and the solution is
derived in section 5. Finally, a discussion of our results is given in section 6.

1.1. Derivation of the DSG equation
The DSG equation can be derived from the Hamiltonian

H =302+ 3(hus1 — ¢)* + T4 — cOSp,) (1.1)

which models a lattice of particles with positiogg(z) each interacting with its nearest
neighbour via a linear spring and each experiencing a nonlinear ‘on-site’ potential with
energyl"'?(1 — cos¢,). Thus the equations of motion are

én = ¢n+l - 2¢n + ¢n—1 - FZ Sin¢lz' (12)
This system of ordinary differential equations has received much study, since it occurs
naturally as a model for many physical processes where the underlying spatial structure is
inherently discrete. Its continuum counterpart, the SG equation

3¢ %,

— = — —TI“sin 13

9t2  9x2 ¢ (2.3)
is an integrable system and can be derived from the Hamiltonian deHsity %q&,z +
%gbf +T'2(1— cose). Both the SG and DSG equations are widely studied, but the discrete
equation (1.2) is not integrable and thus many of the mathematical tools used in the study
of the SG equation (1.3) are not available to those wishing to analyse the effects that the
discrete nature of the spatial dimension has on the kinetics of (1.2).

If we look at the behaviour of small amplitude linear waves in each of these systems,

we find some of the differences between continuum and discrete equations. Substituting
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a wave of the formp, () = e expitkn — wt), with ¢ <« 1, then we find that in the DSG
equation

whsg = T'? + 4sirf(3k) (1.4)
whereas for the continuous SG equation
wig=T?+ k2 (1.5)

The continuous case has a minimum frequency, but no maximum, whereas the discrete
equation has a finite band of frequenciesmust lie betweer™ and ./(I'2 + 4).

If we replace the discrete spatial variableby the continuous variable and then
expand 2, the centred second spatial difference of (1.2) in a Taylor series, we find

82=02+ 102+ .-, and hence obtain the equation
Gt — Prx — %2¢xxxx — .-+ TI'?sing = 0. (1.6)
Rescaling the independent variables withby r = I't, § = I'x, leads to the equation
Pre — Pz + SN = ST 2¢eesc + OT). (1.7)

So, in the limitI' — 0, the SG equation is approached. However, for Bny 0, there

is always a value ok so large thatvusg is larger than the maximum frequency allowed in

the DSG equation. In a later section, we shall show that it is possible to construct partial
differential equations which approximate the DSG equation, and also have the behaviour
that linear waves only occupy a finite band of frequencies.

1.2. Generalized Klein—Gordon lattice

We shall also study a lattice system which comes from modelling two coupled chains of
atoms. The lattice we consider is a generalization of a model for DNA.

We assume that each atom on each chain has harmonic interactions with its nearest
neighbours and with its second neighbours on the same chain. At rest, atoms are spaced
equidistantly along each chain, with the same spacing on each chain. The chains are
parallel and coupled by both linear and nonlinear springs; an atom in the first chain has a
nonlinear interaction with a corresponding atom in the other chain, and a linear interaction
with the atom either side of this—a diagonal interaction. This is perhaps more clearly seen
in figure 1, where the coils represent linear springs, and the hollow rectangles mark the
nonlinear springs. In forming kinetic equations for the motion of such a lattice, we assume
that all atoms have unit mass, and the spring constant for nearest-neighbour interactions
is f, whilst that for second neighbours gsand for the diagonal interactiotis The energy
stored in the nonlinear springs will be denoted by the functibx, — y,), where the
displacements of atoms on the chains is givenchyy,. In general,V (¢) will not be an
even function, and since our analysis does not rely on any numerical work, no assumptions
will be made on the form o other than that it possesses a Taylor series.

The Hamiltonian is then

H = Z %xf + %y;f + %f(xn-‘rl - xn)z + %f(yn-Fl - yn)z + %g(xn-‘rZ - xn)z
n

+380ms2 — Y2 + 2 ur1 — 02 + Sh (g — y)Z 4+ V(i — )
(1.8)



Figure 1. A diagram showing connectivity of the lattice chain under consideration. Each bullet
point represents a node and boxes represent nonlinear springs, all other connections being linear
springs.

which generates the equations of motion
x.n = f(-anrl - an + xnfl) + g(xn+2 - an + xn72) + h(yn+1 - an + ynfl)

_V/(xn - yn)
Vo = FOnt1 = 290 + Yu-1) + &nt2 — 2V + Yu—2) + h(xpy1 — 2y, + Xp—-1)
+V/(xn - yﬂ)' (19)

The transformation,, = x, + y., ¢, = x,, — y, enables these two equations to be separated
into a linear equation for the summed displacements and a nonlinear Klein—Gordon equation
with second-neighbour interactions for the differences in displacements of the two chains:

VUn = (f + DWns1 — 290 + Y1) + §Wnt2 — 2¥n + Yn—2)
d;n = (f - h)(¢n+l - 2¢n + ¢n71) + g(¢n+2 - 2¢n + ¢n72) - 2V/(¢n) - 4h¢n (110)

Thus the effect of the springs forming diagonal connections can be removed by redefining
the nearest-neighbour interaction spring constants, and making a minor modification to the
nonlinear interaction potentid (¢). We shall assume that for small-amplitude disturbances,
2V'(¢) + dh¢ ~ I'’¢ + higher-order terms.

We need to analyse the dispersion relations to see what valugsgoh and " are
allowable. Since the equation fgk, is linear, we assume a travelling-wave solution of the
form v, = %) The dispersion relation is then

@3 = A(f + h + 4g co(3k)) sir(3k). (1.11)

Thus for stability of the zero-solution ground state, we requife f > 0 (fromk = x)
andh + f 4+ 4g > 0 (from k — 0). These are entirely reasonable conditions since in
most physical systems we would expect nearest-neighbour interactions to be stronger than
second-neighbour or diagonal interactions.

The dispersion relation fap is

Wl = T2+ 4(f — h + 4g) Sinf(3k) — 16g sin’(3k). (1.12)

Fromk = /2 we get the requirement — i > —%FZ. The dispersion relation gives real
frequencies for alg > —%1|f — h|. (For certain combinations of parameter values outside
this limit the equation is still well-posed.)

This model opens up the possibility of a new form of discrete Klein—-Gordon equation,
where the central difference term has the opposite sign from that expected in continuum
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systems. For example, if we take= 0, » = 1, and f = 0 then the equation foy is well-
posed, and the dispersion relation foimplies that we need” (0) > 0 for well-posedness.
However, the resulting equation

¢n = _¢n+l + 2¢n - ¢n71 - V/((pn) (113)

has no obvious well-posed continuum approximation.
For simplicity let us consider the case whér&¢) is an odd function; we make the
substitutionn, = (—1)"¢,, to obtain

ﬁn = Nn+l — znn + Nn—1 — V/(nn) + 477/1 (114)

which has the dispersion relatiasf = V" (0) — 4+ 4sirf (1k), so that provided/” (0) > 4
the PDE is well-posed. A continuum approximation of the equation is possible

3%y 92

T3 =5 V) +4n (1.15)
which also has a well defined dispersion relatiofy.,; = V" (0) — 4 + k2, with exactly the
same condition on well-posedness. Thus, in cases where the sign of the spatial difference is
reversed, there are solutions which are similar to breathers, but where adjacent atoms have
displacements in opposite directions.

2. PDE approximations to the DSG system

In this section we derive new partial differential equations which approximate the DSG
system. The similarities and differences between the approximations and the fully discrete
system will be outlined, particularly in the behaviour of linear waves in these systems. In
the next section, we shall show how breather solutions are found from the approximations.
We exploit the technique used in earlier papers where the second difference operator is
approximated using ratios of polynomials—a technique also known & d&gmtoximation.
Here, however, instead of forming expansions in terms of the ratio of two polynomials
in a variable, the polynomials will be functions of the differential operadQr,= 9/9x.
Identical results can be obtained by taking the Fourier transform ithen performing a
Pack approximation of a function in terms of the transform variable before inverting the
transform. The method presented here simply requires less manipulation. Such a technique
was used successfully in approximating the travelling-wave solution of the FPU chain [3, 10],
the chain with second-neighbour interactions [12], and a two-dimensional lattice [11].
Various forms of continuum approximations are open to us, although only the standard
SG equation is second order. All the new approximations take the form of higher-order
PDEs. We have already noted that the dispersion relation for this equation is significantly
different to that for the DSG equation. There are three approximations which lead to
fourth-order PDEs described here, all based oréRgmproximations of the centred second
difference operator.

2.1. (4,0) Pa@ approximation

This is the simplest of the three, and really only a Taylor approximation of the difference
operators? ~ 32 + 1128;‘. The partial differential equation it generates is

¢tt - ¢xx + FZ Sind) = llz(ﬁxxxx (21)
with dispersion relation

o® =T?+k* - Zk% (2.2)
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This has a minimum at = 0 and a maximum (at = ./6)—qualitatively the same
as the DSG equation which rises to a maximumkat ; but for values ofk above
V6, the dispersion relation (2.2) decreases through zero, and becomes negative. Thus
the zero solution of the partial differential equation (2.1) is unstable to high-frequency
perturbations—in this respect it is not a good approximation of the lattice.

Equation (2.1) can be derived from a Lagrangian or Hamiltorgidr= %d)tz + %d)f -

L2, — (1 — cosp)).

2.2. (2,2) Paé approximation

Here the difference operator is approximatedspy~ (1 — £3%)~132, which generates the
partial differential equation
$ir = ux — T2SING + b + 1512 (her COSP — P2 SING). (2.3)
Although the DSG system is Lagrangian, and the (4,0Raaproximation has a Lagrangian
structure, no Lagrangian has been found for this equation. The dispersion relation for (2.3)
is
1
o D24+ 1%
1+ k2
This remains positive for all values @&, has a minimum ak = 0 (of ® = I') and a

maximum ask — oo (wherew — /(I'>+12)). Thus this has the right physical properties
of a finite band of linear frequency modes and shows the stability of the zero solution.

(2.4)

2.3. (4,2) Pad approximation

This approximation

1+ %02
82 ~ 207 x 82+O(88) (25)
n 1_ laz x x
307x

is sixth order accurate if,, yet still provides a fourth-order PDE

Gt = Pox — I2SING + Ebrrrr + mPuar + 251 (B COSP — P2 SING). (2.6)

As for the (2,2) Paé approximation, no Lagrangian has been found for this case. The

dispersion relation for (2.6) is

_ T2k — gkt + 0%
1+ 3k2

which becomes negative for large demonstrating unphysical behaviour in that the zero

solution is unstable to linear modes with high wavenumbers. For sniall@:7) will give

a better approximation to the shape of the DSG dispersion relation. It has a maximum at

k = /10(/15— 3) ~ 2.9546 wherew = /T2 + 120— 2,/15~ /T2 + 10.59%.

Figure 2 shows dispersion relations for the various approximations to the DSG equation
which are developed above. All give accurate representations for &mnhblit none are
accurate as far @&s= +2x. Both (4,2) and (4,0) P&dapproximations give an indication of
the existence of a local maximum in the frequency, but neither manage to get th2r
without giving complex frequencies—indicating that the partial differential equations are
ill-posed in the sense that arbitrarily small linear waves grow in amplitude. The (2,8) Pad
approximation is inaccurate in that it allows arbitrarily large frequencies for linear modes

2

W (2.7)
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frequency, w

wavenumber,k

Figure 2. The dispersion relation for DSG and each approximation to the DSG equation (with
I = 0.236).

with large wavenumber. Only the (2,2) Radpproximate predicts that all waves should
have frequencies lying within a band of finite width. In the example shown above, the lattice
allows 0236 < w < 2.01, whereas the (2,2) Padpproximate predicts.ZB6 < w < 3.47.
However, the periodicity in wavenumber is not well captured, as the (2,2) approximate is
monotonic ink > 0.

3. Static breather solutions of the DSG equation

Having found a variety of PDEs which approximate the DSG equation to varying degrees
of accuracy, we aim to use these to find breather solutions. This will be performed by using
the method of multiple scales from asymptotic analysis. It will be necessary to carry this out
beyond leading order in order to find the effects of discreteness. The leading-order analysis
is commonly used, but to obtain a description of the more subtle aspects of behaviour
higher-order terms are required, and to find these, secularity conditions need to be found
and solved. So although the end results appear straightforward, the analysis leading to them
is non-trivial. Details of the procedure will be explained as encountered.

3.1. Solution to the (4,0) Padéquation

The essence of the method of multiple scales is to expand the dependent variable in terms
of an asymptotic series, whilst the independent variable(s) are replaced by a hierarchy of
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‘slow’ variables. Since the PDEs we are interested in have two independent variables (
t), we have two hierarchies of slow variables.

Knowing the form of the solution of the purely continuum SG case enables us to reduce
the number of terms we have to consider. The hierarchies of new independent variables
replacingx and: are

2 4

o=t t) =&t th=¢'t
0 2 . 4 (3.1)
X1 = &X X3 =&X
so that thex- and¢-derivatives are replaced by
0 il 0 0
—=— et — 4
ot dtg dty 0ty
3.2)
a 0 g 0 N
—_— —_— ey ——
0x 0x1 0x3

Next, we specify the asymptotic series forwe make the ansatz that the solution is of the
form

¢ = e € 0F (x1, o, x3, 1) + £3[€TOF3(x1, 12) + €G3 (x1, 1)]
+85[eirtoF5(xl, t2) =+ esiFTOG5()C1, lz) + eSirt°H5(X1, lz)] +--- 4+ CC. (33)

This solution ansatz, together with the multiple-scales expansion (3.2) is substituted into a
small-amplitude expansion of the PDE (2.1)

O = _F2¢ + %F2¢3 - 1_§0F2¢5 + ¢ + 1i2K¢“” (3'4)

to find an equation which contains terms in a variety of orders efich with a certain
frequency in theD(1) timescalefy,. The extra constant has been inserted in front of the
term which is present in an expansion of the DSG equation, but absent from an expansion
of the SG equation. This will ease interpretation of the results at a later stage. In the
ensuing analysis we are thus solving two systems: 1 corresponds to the DSG equation
and« = 0 to the SG equation.

We obtain six equations from (3.4) by equating the coefficients of each harmonic
frequency at each order of

O(e3&M):

2i0 Fuy, — T?F3 = —T?F3 + 302 F1PFy + Fiagy
O(e3 3y:

—9r?Gs = —I'?G3 + iI'°F}
O(e>€l):

20 Fyyy + Fiyp, + 20 Fy, — T2Fs = —T%Fs + ST2F7F3 + T?|Fy|°F3
+%F2F]_2G3 + %21—‘2|F1|4F1 + F3,x1x1 + 2F1,X1X3 + %ZKFl,xlxlxlxl
O(° e¥lM):
il G3, — %G5 = —T'°Gs + ST2F2F3 + 2| F1° G + AT FiPF2 + Ga oy,
O(gdelny;
—25I"?Hs = —T"?Hs + 31°F{G3 + 35l °F7. (3.5)
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The equation obtained by consideridg(e el'™) terms is automatically satisfied; the
first equation displayed above (frof(s2€'™) terms) is the nonlinear Sdbainger (NLS)
equation. The solution we are interested in is

Fi= Ade T /8sech i Axs + B) (3.6)

whereA, B and 2 are real constants of integration which may dependandz,;. Since
this expression contains noterm, there is no difference &(¢) between the SG and DSG
breather modes.

We specify that the amplitude of the breather¢i¢0,0) = 2:A exactly; i.e. the
corrections we calculate at the next order will change the shape and temporal behaviour of
the breather, but not alter its amplitude. Thiago, 0, 0, 0) + G3(0, 0,0, 0) = 0.

The equation from th€(¢2 €3™) terms is interpreted as an algebraic equationder
and has the solutiofy; = —4—18F13. We shall pass over the equation f6g from O(g°&l™)
terms for now, and return to it later; however, we will assume that its solution can be found
so that later equations can be solved in termggf Solving this equation is the crux of
our analysis.

The equation derived fror® (s° €¥T"0) terms is another algebraic equation, this time for
Gs

1 1

1
_ 2 2 2 2,3
Gs = garg (FLFT .y, = FiFLa) = geFEFa = 5ol FIPFY. (3.7)
Finally, from consideration 0D (¢®€”™) terms, we findHs = 2 Fr.

In this brief run-through of the equations, we ignored termsOgt® €'0)—a much
more complicated equation. Although coming from @xe®) part of the DSG expansion,
the equation actually determines tii(e3€'™) correction to¢, namely F5. Using the
solution we have already found f@rs, the equation can be simplified to

20 F3y, — Faxyny — 3U2FEF3 — T?|Fy|°F3 = 2F) 44y — Fuy, — 2i0 Fyy,
+112KF1,X1.’61.’61X1 - 3§2F2|F1|4F1 (3'8)

Now we make the substitutiofi; = F1 P and note that it is sufficient to considerand B
of the form Q = w4t4, and B = Bx3

1 1 1
0= Py, — lel“Atanh<§1"Axl> + ZFZAZP [1 — 2sech <§rAxl>]
1 242 1 = . 1 242
+5T A?sech EFAxl (2P + P) — 2T P, — al A?%p

1 1 1
+——xI*A% [1 — 20sech (EFA)q) + 24 sech <§FAx1)}

192

3 1 oB 1
—3—2F2A4 SeCH (EFA)C]_) + FAa_x3 |:l - ZSGCH (EFA.X1>:|

1 Q2

—T2A%+2r —. 3.9
+% +aro (3.9)

Due to the special form of this equation, the solutiBtxy, ;) can be expressed in terms

of a power series in se&lﬁ%I‘Axl), with coefficients dependent ap, namely P (x1, 1) =

D o ln (t)seck” (%FAxl). This simplification requires the two unknown derivative®/dx3
andoa2/914 to be constant, hence we defifie= 9 B/0x3 andws = 0Q2/0t4. Further analysis
reveals that a finite sum—in fact just the first two terms—is sufficient to solve the patrtial
differential equation exactly. Hend® = aq(t,) +a1(t2) secﬁ(%FAxl) for suitable functions
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ao(t2), a1(t2) which are yet to be determined. When this is substituted into the above and
the coefficients of powers of se?t@l“Axl) are equated, the resulting system of algebraic
and ordinary differential equations is

1 3 1
0= —2a1(t2) + San(r2) - — A% 4 ZkT24A2

32 8
2| doy 1 1 26 5 L,
0= 2a;(t t t)) — — — —k[“A 3.10
ai(f2) — TAZ dr, + ao( 2) + ao( 2) A~ 28¢ (3.10)
2i dao ﬁ 1 1 5 2wa
= 0 A2 T gr2A24 2
CA2 dr, + 64 + 192 + A2’

The secularity condltlon required by the multiple scales analysisPi®dr, = 0 which
implies thatay(z) = 0 andaj(r2) = 0. This ensures thakz will be periodic inf#, and
not subject to any resonant interactions with earlier terms in the asymptotic expansion.
Thusag, a; are constants and not dependentzganHence we now have four constants to
find: ag, a1, B and w4, and so one requires a further equation as (3.10) gives only three
conditions. The final condition comes from our definitionsadescribed earlier. This states
that¢ (0, 0) = 2¢A exactly, so the sum of the tw@(¢3) terms cannot alter the amplitude
of the breather. Thu#s(0, 0+ G3(0, 0) = 0 and sinceG3 is already known

F3(0,0,0,00 —G3(0,0,0,0) 1,
dotar=Pl=o= 00070 = F0.000 48 (3.11)

This, together with (3.10), determines all four unknown constantsg1, w4 and g

B =—ATA31+ kT ap = 15A*(1 —«T?)

4 2 2 4, 12 (3.12)
w4:@FA 14«9 a1:—1—6A (1—3I).

Puttingu = ¢A/2, gives the shape at=0
¢ ~ dusechion)[1 + 14%(1 — k') tantf(on)]. (3.13)

This agrees with the expansion of the known pure SG breather in theccageand when
k =1, gives the corrections caused by the discrete nature of the DSG system. Also we can
obtain the time-dependent solution

o~T[1- %Mz + 2%1“4(1 —kI'?)] ~ T cosp — 2—14KF3[L4
0~Tlu—3tud1 - 3kr?] ~ Isinp + AxT3u3
¢n ~ 4 coswt) sechon)[1 + Fu?{1 — cos(wt) sech(on) — kT tantf(on)}] (3.14)

which, in the cas& = 0, agrees with the direct expansion of the known SG breather.

This calculation also shows that discreteness affects the shape of the breather at a lower
order of breather amplitude than it affects the frequency. The frequency corrections are
O(T3u*) whereas shape corrections &¢I .2). This observation has been made for this
system by use of other approximation methods [13]. A major improvement in the current
results is that we not only predict narrower breathers in a discrete system, as in earlier work,
but we now also find the full shape modification in the small amplitude limit.

3.2. Solution of the (2,2) Padéquation

In this section we solve equation (2.3) using a series expansion of the same form as (3.3).
A priori we treat the functiong, F3, G3, etc as unknowns, possibly different to those
found in the above section. Ultimately, we will find the same solutions for them as above;
however, intermediate stages of the calculation differ.
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The asymptotic expansion is substituted into the small amplitude expansion of (2.3),
namely

b = —T%p + 5T%0° — 35T20° + bur + 300w + 11 b — 3312070 — 23170

(3.15)
to give another hierarchy of equations in orderssofdnd harmonics of the fundamental
frequencyrl'.

Since we do not requir&s, there is no need to find the oth@x(s®) correction termsGs
andHs. Thus we shall not quote their determining equations—those obtained by considering
terms of orderg)(s° ™) and O(° ™). _

Separating out the different frequencie8fee® ) and different orders of produces
the following

O(e3l):

H _ 12 2
ZIFFl,tz - F1$x1x1 + EF |Fl| Fl
O(e3e¥l):
—9I?G3 = —I'?G3 + LI?F}
O(e>€l):
ZiFFg,tz =+ 2iFF_‘]_J4 + Fl,tztg = F3.x1x1 + 2Fl.x1,\:3 + %FZF:lzﬁg 4+ F2|F1|2F3 + %FZFEGQ,
— 5T Pl FL = 5T%Fa i — T2 Pl + 61T Flaa, + 1510 Faan
+eT? Pl — BT F1P Pl — 3372 Ff Foy — T2 FLnlPFr
—LI2F2, Fi. (3.16)
The O(e €) equation is trivially satisfied. Thé& (g2 €™) equation is the same NLS

equation as was derived in the (4,0) Bapproximation, and so has the same solution (3.6)
as given there. Again th@(s2€") equation gives the higher frequency correction

Gs = —Ff = — LA 348 secR(Ir Axy + B). (3.17)

We shall solve theO(¢°€™) equation to find F3, the O(¢3) correction to the
breather. This equation has marked differences t@xte® €''0) equation from the previous
calculation (3.5). For example, we no longer havéia,,,.,,, term but do have &1 ..,
term as well as several others not present in (3.5). Fortunately, however, the last equation
of (3.16) is still amenable to solution using the same methods. We Wsite F; P where
P = P(x1, 1) is subject to the secularity conditianP /dr, = O; hence, we shall tred as
a function purely ofr; and obtain an ordinary differential equation fBix;)

2i1"PF1’,2 2P, F1y, PFy 2iFF1,,4 F11, 2Fl,x1X3
- = X1X1 + + - - +
P P P P Fy F
1 - 3Ar2|FA* iTFiye, D2FiF;
_FZ F 2P FZ F 2P _ ,X1X112 _ ,X1X1
+2 |F1|“P + I'“| F1]| 32 + oF, 2
[2F,F I2F . - _
_ 17510 — L (FlFlA,xl + 2F1F1,x1)~ (318)

24 12F;
As above, a solution of this can be found in terms of a finite power series of
secB(3I'Axy); substituting P(x1) = ao + a;secR(3T' Ax;) leads to equations fouo,
a1, wg and B = 9B/dxz, by equating the coefficients of powers of s%(c%fol). The
final equation needed for a fully determined system comes from the boundary condition
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PO = 4i8A2, since by our definition of, the O(¢3) terms must make no alteration to the
amplitude of the breather:
8ws A%? 4B T?2A?

0=—
FA2+16+1"A+ 48

813 — S) 242
0= 8a1 + 209 — — + 2dg — —I"2A
1+ 2ag FA+ °T 15
3 1
0= —8ay + 2a; — éA2 + 5FZAZ (3.19)

1 2
ISA = ag + ax.

The solution of this system is identical to tke= 1 case of (3.12). Hence the shape at
t = 0 and the full temporal evolution is identical to that for the (4,0) @agdproximation.

3.3. Solution of the (4,2) Padéquation

Finally in this section, for the sake of completeness, we outline a similar calculation for the
complex, but also more accurate (4,2) Eagpproximation of the DSG system. The small
amplitude expansion of (2.6) which we aim to solve is

¢tt = _de) + %qubs - 1_12-()F2¢5 + ¢xx + 3_Jb¢xxtr + zioqsxxxx + 3_]br2¢xx
12,2 12,2
—5ol 0 b — 070 (3-20)
The asymptotic ansatz (3.3) is once again assumed and inserted, and equating coefficients
of powers ofe and harmonics of E° yields a hierarchy of equations. Tl &) terms

give the NLS equation exactly as in the previous two approximations, ané thee3 ")
terms also yield the same equation as before (3.17).

Thus the solutions foF; and G3 are also the same as before with being given by
(3.6) andG3 by (3.17). Terms of)(¢®€™) generate a new equation fék

2i0 F1y, + Fip, + 2i0Fs,, = ATX(FEF3 + G3F2 + 2| F1°F3)
— 52 F1*FL + Fa00 + 2F1 000 + 35 FLnnnn + 350 Fann
35T Fre — 550 2(Ff Figg 4 2F1000 | FU?) + {67 Flang
— ST2(FLFE, + 2F1|F1 1) — 5T2F3 000 — 202 F1 0, (3.21)
Writing & = 1T'Ax1 + B, and F3 = F, P (as before) we find
2wy, A*  A?P 2P,

3 3
= ~A%Pseco — — A*seclio
r 64 + 4 r 2 32

P, AdB

1 AP
ZA%P(1 - sech9) — —= tanho — —(1—2secho
+ 1 ( ) T + 2 + 2 dx3( )
1 1
+ﬁF2A4(1 — 20 sech9 + 24 sechp) + 4—80F2A4(1 — 2secho)
1
—%FZA“(S — 4 secho) secho. (3.22)

This has the same solution as in the previous two calculations. The solutioR fer
ao(t2) + ax(t2) sechd and the secularity conditions atg = 0 = aj giving a system of
three equations. The final condition is once again due to the definitienadfich implies
that theO(¢®) terms make no contribution to the amplitude of the breather. Thus the final
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solution for F3 is the same as determined from the earlier approximations, and is given by
the above substitutions witly, a1, 8 andw, as specified in (3.12) witk = 1.

This shows that the three approximating PDEs (2.1), (2.3) and (2.6) all generate the
same breather solution. From this we may deduce that the approximation technigue leaves
invariant the underlying nonlinear dynamics of the DSG equation at least in the long
wavelength limit. It has been shown earlier that some of them are more faithful in their
reproduction of the linear dynamics of the discrete system than others.

4. PDE approximations to the generalized Klein—Gordon lattice

In this section we shall analyse the generalized Klein—Gordon equation (1.10) which was
derived in the introduction. First let us perform a minor rescaling of (1.10) and denote the
Taylor series of the nonlinear interaction by

2V'(¢) + 4hp = V(@) = T?¢(1 = 119 — v20° — y2¢° — vad™). (4.2)
Thus the small-amplitude expansion of equation we aim to solve is

Gn = (f — 1) (Bus1 — 200 + Pu1) + &(Put2 — 20 + bu_2)
—I%¢, (1 — 1y — V292 — Vab> — vady). (4.2)

The odd symmetryf — —¢) present in the DSG equation is destroyed byjthe/s terms.
This equation is also a generalization of the usual nonlinear discrete Klein—Gordon equation
due to the presence of second-neighbour interactions.

A family of partial differential equations which approximate this can be constructed
using the methods outlined in section 2, namely that of rewriting the system of ordinary
differential equations as an operator equation acting on functions of two continuous
variables. We then approximate the spatial difference operator in terms of a ratio of
polynomials in the differential operator; this yields a simpler equation whose solution
approximates the solution of the original (discrete) system. All of the approximations
we propose initially require the spatial differences to be expanded in a Taylor series

$u ==V (@) +[(f =€ —2+€7%) + g —2+e)]¢

~ (f—h+16g) , (f —h+649) 6]
= -V )+ (f —h+4g) 0%+ 9 9
@+ g)[x 12(f —h+4g) " 360(f —h+4g)""
x¢+ 0(%). (4.3)
The various PDEs are generated by using different approximations to the operator in square
brackets. The four simplest approximations are described in the following, together with a
brief description of the behaviour of linear modes to establish which are well-posed.

4.1. (2,0) Pad approximation

In our notation, the (2,0) P&dapproximate corresponds to the standard continuum
approximation where the discrete second central difference operator is simply replaced by a
second derivative. The resulting partial differential equation is a continuous Klein—Gordon
equation

b= (f —h+42) e — D2 (1 — y10 — 120? — y3¢° — yad™). (4.4)

Equations of this form have been widely studied, but can oversimplify the dynamics of the
discrete equation. In the specific case of DSG, the standard continuum approximation leads



3314 J A D Wattis

to the SG equation—an integrable equation with many properties not shared by the DSG
equation. As another illustration of this we compare the dispersion relation of (4.4)

w? =T24 (f —h+4g)k? (4.5)

with that for the fully discrete model (1.12). The dispersion relation for the full model
occupies a finite band of frequencies, where as this approximation allowsoo for large
wavenumbers.

4.2. (4,0) Pad approximation

A simple truncation of the operator expansion (4.3) at fourth order leads to the (40) Pad
approximate

b= —h+42)¢ex — V'(®) + 5 (f — h + 168)Prsa (4.6)

which is the simplest of the more accurate quasi-continuum approximations. This, however,
has the property that for large wavenumbers its dispersion relation

@® =T2+ (f —h+49k* — 5(f — h + 16g)k* (4.7)

diverges, and iff — h 4+ 16¢ > 0, the frequencyw becomes complex implying that the
zero solution of this equation is unstable to high wavenumbers—a property that the discrete
system does not possess in the same parameter range. The extra accuracy that this higher-
order approximation achieves is reflected in that its dispersion relation is closer to (1.12)
for small wavenumbers.

This is the only one of the more accurate approximations which maintains the Lagrangian
and Hamiltonian structure of the original system (1.8). Equation (4.6) can be generated from
the Lagrangian densit¢ = 242 — 1(f — h +4g)¢? — V(¢) + % (f — h + 168)¢2,.

4.3. (2,2) Pad approximation

An alternative equation can be generated by using the (2,2 Baproximation to the term
in square brackets in (4.3)

(f —h+16g)

) 24 s 2 ]
12f —h +4g) (Brxie + V(@) + V7 (9)h)). (4.8)

bu=(f —h+49)¢ — V() +

This formally has the same order of accuracy as the (4,0¢ Ragroximation (4.6), and
has the dispersion relation

o (f—h+49)T?+ (f —h+4g)%k? + 5T2%(f — h + 16g)
w = .

4.9
(f —h+4g) + $5k2(f — h + 16g) “9)

Provided(f — h +4g)?/(f — h + 16g) > —:T'2, the frequencyw occupies only a finite
band of frequencies betwe&hand ./[T?+12( f —h+4g)?/(f —h+16g)]. This property is
qualitatively the same as the full dispersion relation (1.12).f ¥ h+16¢)(f —h+4g) <0
then the denominator vanishes for some wavenurkpand the dispersion relation predicts

unstable waves fok ~ ke.
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4.4. (4,2) Pa@ approximation

The final approximation we shall consider is formally more accurate than any of the above.
The last two only consider terms up ©(3%) of the expansion of the original operator
equation (4.3), whereas we shall now include 1&°) term as well. The (4,2) P&d
approximate is

5 (f —h)*+8g(f — h) + 256¢°
=(f — 4 —
¢[f (f h + g)¢xx V (¢) + ( ZO(f _ h + 16g) ¢XX)('X
(f_h+64g) > s 2

L " 27 (f.. . 4.1
30(f — /i + 16g) (@xxtr + VH(P)Prr + V7 (D)D) (4.10)
This approximation also has a dispersion relation which diverges for largpeit only in
the manner of?(k?) and, not as strongly as the (4,0) Raapproximation which diverges
like O(k*). The dispersion relation for the (4,2) Radpproximation is

@® = {(f —h+160)[[? + k*(f — h + 4g)] + 5T °k*(f — h + 64g)
— 5ok I(f = h)? +8g(f — h) + 256¢°}{(f — h + 16g)
+5K3(f —h+64g)) 7% (4.11)

This does not have a finite band of allowable linear frequencies which the system of
ordinary differential equations possesses (1.12). Dependirigamd g, this approximation
to w? can remain positive everywhere—demonstrating that there is a suitable well-posed
PDE approximation to the system of ordinary differential equations (4.2).

4.5. Summary of results

The (4,2) Pad and (2,2) Pa@l equations are very similar in a number terms: apart from
differences in coefficients, the only difference is the presence @f.a term in the (4,2)
approximate. The set of termg,;, + V" (#)p.. — V" (¢)¢? derived in the (2,2) Pad
approximation introduces extra nonlinearities to the PDE approximation. It is an alternative
correction term to the more commapy,,, seen in the (4,0) approximate. The (4,2)
approximation combines the two correction terms to form a yet more accurate approximating
equation.

Figure 3 shows the dispersion relation for the lattice with- » = 1, ¢ = —0.05
and ' = 0.236, and the dispersion relation for each of the partial differential equation
approximations derived. All are asymptotic to the exact solution in the kmit 0, but
have wildly differing behaviours fok away from zero.

With the parameters used in the figure, the (4,2) éPagbproximation contains
singularities atk = +./(30/11) ~ +1.65. The (4,0) Pa& approximate predicts the
frequency increasing for dsincreases to 5 then decreasing again, vanishirigrat7. The
PDE is unstable to wavenumbers above this limit. The standard continuum approximation
does not suffer from such a problem, rather it predicts arbitrarily large frequencies for
large wavenumbers, which is again not a property of the lattice. The best qualitative
approximation to the dispersion relation comes from the (2,2)éPatthod, whose
frequencies all lie in the range2B6 < w < 6.20, whereas the lattice’s linear frequencies
all lie in the band @36 < w < 2.01.
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frequency, w

wavenumber, k

Figure 3. Dispersion relations for the generalized discrete nonlinear Klein—~Gordon equation
and PDE approximations to it (with = 0.236 andg = —0.05).

5. Breather solution of the generalized lattice

We now aim to use one of the more accurate PDEs—namely the (4,8)dpadoximate—to

find a highly accurate asymptotic approximation to the breather mode of the generalized
discrete nonlinear Klein—Gordon lattice (4.2). When trying to find moving breathers in a

Klein—Gordon equation with quadratic nonlinearity, Peyrard and Bishop [9] used a NLS-type
reduction

bn = Fien, 1) X000 4 o[Go(en, et) + Ho(en, st) @*=2®N] 4 cc (5.1)

wherew (k) satisfies the dispersion relation. The non-oscillatory and second-harmonic terms
on theO(1) timescale G, and H,, are necessary to balance the even powetstbfat occur
in the power series expansion of the nonlinear potential.

We shall use a generalization of (5.1) to find the corrections to a stationary breather
caused by the discrete nature of the underlying spatial dimension. The long time scales
t2, t4 and space scales, x3 are identical to those used in the DSG equation (3.1). Our
higher-order approximation must now include even powers of the fundamental frequency
(€') at even orders of the small parameterThus we postulate that the solution has the
form of an asymptotic series which is considerably more general than that used previously.
In place of (3.3), we use the ansatz

¢ — geirtOFl + 82(G2 + eZiFtOHZ) + 83(eir10F3 + eSi[‘th3) + 84(G4 + eZiFtoH4 + e4irt0K4)
+&3(@M F5 4 €30 J5 + 0 Lg) + cc (5.2)

to determine the changes in shape that are caused by the discrete structure underlying our
generalized nonlinear Klein—Gordon lattice. Here, all the quantiiess,, Ha, F3, J3, Ga,
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H,, K4, Fs, Js and Ls are functions of £y, 12, x3, t4), although it will not be necessary for
us to find expressions for all of them.

We shall use the notation, = f — h + 4g, Ay = 1i2(f — h + 16g), in order to write
the equation we aim to solve as

bt = Dor + Dadrrsr — T2 (L — y19 — y20° — y39® — yagp™). (5.3)

Substituting (5.2) into (5.3) and equating terms of the same orderand of the same
harmonic (power of i) leads to the hierarchy of equations

O(g2 "T1y;
0= —T2G, + | Fyf?
O(e2eT):
—4T2Hy = —T%Hy + %) F?
O(e3ln):
20 F1y, = ApF1 vy + 21T [FiG2 + FLH, + F1Go] + 3y2I? | F1[*Fy
O(e3e¥l):
—9r?J3 = —T'2J3 + 212 F1 Ho + o2 F}
O(g* "l1y;
0= A2(Goyny + G21yx) — T2(Ga+ Ga) + 6ysl? | Fy|*
+D2[2F1F3 + 2F1 F3 + (G2 4 G2)? + 2| Hp|?]
+3y2 [ FZH, + FEHy + 2| F1|*(G2 + G2)]
O(e* 2oy
—4F2H4 =+ 4iFH2’t2 = A2H2.x1x1 — F2H4 =+ 4)/3F2|F]_|2F12
+3y2I?[F{G, + F{G, + 2| F1[*Ho)
+)/1F2[2F1F3 + 2F1J3 + 2G,H, + ZGsz]
O(e* eilny:
—16IKy = —T?K4 4+ y1T?HZ 4 2102 F1J3 + yal2F} + 3y.T?F2H,
O(e>eM):
2iT Fay, + Frin, + 20 Fry = AgFs 0 + 280F1 vy + AaF1 g + 10yal?|F1*Fy
+4ysT?[FEHo + 3| F11*F1(Go + G2) + 3| F1|* F1Hy)
+3y2l?[F1(G2 + G2)? + 2F1Ha (G2 + Go)
+2|Hp|*Fy + F2J3 + F£F3+ 2| F1|°F3
+201T2[Fi(Ga + Ga) + FiHy + F3Hy + F3(Ga + G2) + HaJ3). (5.4)

In such a reduction, thé(e €y term is trivially satisfied; the twa@(¢?) terms and
O(e3e¥) term imply

G2 = yi|F1f? Hy = —3nF? Js = 2(2yf — 3y2) F7. (5.5)
However, theO(s2 €™) term is not so simple: this now reduces to
2i0Fuy, = ApFy oy, + 2T2(10p2 + 9y2) | F1|?Fy. (5.6)
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In the DSG expansion we hatl, =1, y; =0, y» = %, so that both the terms on the right-
hand side had positive coefficients. Now we wish to consider the additional possibilities
of A, being negative, and/gr, < —%’ylz. There are two distinct types of solution: the
bright soliton, which we have already encountered, occurs when the two coefficients have
the same signs. This can be written

2
Fi=A Pl e—iFA2(10Vf+9V2)tz/12 SGC"(FAxl % + B. (5.7)
2

The new phenomenon occurs when the sign of the nonlinearity is opposite to that of the
dispersive term: then the dark (or ‘hole’) soliton solution occurs. In its simplest form this
solution is

(5.8)

. —(10y2+9
Fy = A iA%/2020 tanh(l"Axlw) )

6A2

A more general solution is given in Remoissenet [8]. This solution does not induce breather-
type solutions in the lattice equation (4.2); hence we shall concentrate on the bright soliton
for the remainder of our calculations.

Once F; has been found;,, H, and J; are fully determined by (5.5). We proceed to
find F3, G4, H4 and K4 by simplifying the algebra with the substitutidfy = F1P. The
O(e* terms from (5.4) imply

A 19
Gs= m (IF1%) e + 112(P + P)|F1? + (3y3 +5y172 + 3y13) | Ful*
2A2]/1 2 2 4 31 59
Hy=—g5 (Fi,, = F1F130) — 1F1 P—{gret ornretgom |F?Ff (5.9)

Ky — 1 1 1 o
4 = 121/1)/2 157/3 54 1
The equation from th€(¢° ™) terms provides an equation fét

2i0(F1P)y, + 2T F1y + Fupp, = AZ(FlP)xlxl + 2A2F1 yyx + AaF1 xyxx0n
+10puD? | Fy|*Fy + Lysyi D2 Py Fy+ (X yfye — SvAT? R R
+3y?|Fu 2 Fi(P + 2P) + 10p2T?|Fy |2 F P
+Cy + 2y 2y + Lyay) T Fu*Fy
+yf A’F1(10yf + 9y2) (% secho + 2 (2 secfi — 3sechd)) (5.10)

where6 = I‘Axl\/(loyl2 + 9y2)/6A, + Bxsz. As in the approximation to breathers in the
DSG equation, it is sufficient to seek a solution #iin the form of a finite series in powers

of seck; in fact just two terms are required® = ag(t2) + ax(t2) secl(6) with ag, az € R.

The secularity conditions aréP/dr, = 0 which implies thataj(r;) = 0 = a5(2). This
leaves four constants to determing;, az, 8, ws. Three of the four equations come from
equating powers of set{p) in the above equation (5.10). The fourth is generated when we
specify that the?(¢%) terms should not generate any extra contribution to the amplitude of
the breather (that is at the point= 0 = 9). This condition reduces to

ao + az + % A%*(2yf — 3y,) = 0. (5.11)
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The solution of this system of four equations is
—A? |:12A4I‘2(10y12 + 9y,)2

= 18007 + 972 A2
+180ya — 27y; — 216y2y{ + 504y1y3 — 580yf]
o A2 48A,T2(10y2 + 9y»)?
27 7201002 + 9y) [ A2
+720ys — 27y7 — 828y,y{ + 2016/1y3 — 2380/{‘}
fa— —TA3 |:6A4F2(10y212 + 9y,)2
36,/6A2(10y2 + 9y2) A2
—1008y1y3 — 3604 — 220y — 27y% — 900}’21/12}
[ A4 12A4T2(10y2 + 9y2)?
“a = 864[ A2

—40321y3 — 1440y, — 351y — 4140,y — 118Q/14}. (5.12)

Knowing the values of these parameters now enables us to write a highly accurate
approximation to the breather in closed form. We now quote our results in the original
variablesx and¢ using (3.1):

¢ = 2e A sechip)[cos(wt) + eAy1{1 — I cos2wt)} sechi®) + e*{(ao + a> sec(9)) coswt)
+4 A%(2yZ — 3y,) sech(0) cog3wr)}] (5.13)

where

1 [10y2 49
w=I— 1—2F82A2(10y12 +9y2) + £*wa 6 = <1"A % + ,382>sx. (5.14)
2

It is the terms involvingA4 which are introduced as a consequence of treating the
discreteness correctly in higher-order terms. The terms influenced are the frequency
the space scaleé and more generally the shape of the breather solution thragigimda,.

The exact size of these effects depends on the paramateys, f, h andg.

As an example of our method, let us apply this approximation to the model of DNA
denaturation proposed by Peyrard and Bishop [9]. They assume the nonlinear interaction
term has the form of a Morse potentid¢) = D(e"* — 1)2. A Taylor expansion of this
leads to the choice of parameters

n=3 )/22—% V3=§ V4:_% (5.15)

which we use in plotting a figure of a stationary breather.

Figure 4 shows the difference which the inclusion of cubic terms in the asymptotic
expansion makes to the shape of a breather in a discrete generalized nonlinear Klein—Gordon
equation. The top curve is the expansion uge?3) which we have derived here (5.13),
the second curve is th@(¢?) approximation and the smallest positive curve represents the
leading-order approximation. At = m/w the variablep takes its most negative values:
the leading-order expansion is the one which is most negative -at0. The two-term



3320 J A D Wattis

0 20 1 60

Figure 4. Plots of approximations to the breathersrat 0 ands = 7 /w for the approximation

up to third order ine, up to second order, and the leading order term. The leading order term
is exactly£0.2 atx = 0. The uppermost curve is th@(s3) approximation which at = 7/w
starts at—0.18 (whenx = 0) and crosses the leading order termxat= 30. The two-term
approximation is the least negative of the curves at7/w and whens = 0 lies between the

two positive curves. The parameter values usedeate 0.1, ' = 0.236, A = 1.0, f = 1,
h=0,g=-005,y, =15, y» = -1.166 67,3 = 0.625 andys = —0.258 33.

approximation is least negative, and %) approximation is coincident with th@(e?)
expansion at = 0, but then crosses the leading-order approximation and for largailues
is more negative than either of the others.

6. Discussion

In this paper we have shown how to calculate the differences that discreteness makes
to the shape of a breather in a DSG lattice and in a general nonlinear Klein—Gordon
lattice. The methods used have required the derivation of highly accurate quasi-continuum
approximations using Padapproximates to rewrite the discrete difference operator in terms
of spatial derivatives. This enables the system of coupled ordinary differential equations
to be approximated by a single PDE which has the form of a perturbed continuum Klein—
Gordon equation. This, in turn is solved by using multiple time scales to derive a hierarchy
of perturbed nonlinear Schrodinger equations. The solution of these requires the imposition
of secularity conditions. In general, breather modes do not form exact solutions to perturbed
sine—Gordon equations, but they are observed to be extremely long-lived oscillations.
Detailed knowledge of the breather’s form is thus crucial to the understanding of the large-
time evolution of such systems.

In sections 2 and 3 we have analysed the DSG equation using quasi-continuum
expansions and multiple-scales techniques. The usual continuum expansion, which keeps
only the first two spatial derivatives, is solved using two time scales and one length scale and
leads to the same solution as for the stationary breather in the SG system. Only when the
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breather moves does the lattice structure underlying the DSG system cause any difference
to the shape of the breather at leading order—these leading-order effects were found by
Remoissenet [7].

The analysis presented here extends the leading-order results by calculating the
correction terms in the asymptotic expansion and showing how to calculate successive
terms. To calculate the first correction term three time scales and two space scales are
required. We have shown how to find and impose the secularity conditions necessary for
these higher-order expansions to be solved. Differences between stationary breathers in
the DSG and SG systems are then revealed. Our results agree with previous observations
of breathers in the DSG system [13], namely that discreteness causes an increase in the
frequency of oscillation and a reduction in the width of the breather if the height is kept
the same in the two scenarios (DSG and SG).

PDEs from which these results were obtained were derived from the differential-
difference equation by forming Padapproximations of the discrete difference operator
in the manner used in earlier studies of lattice dynamics [10-12]. Various forms éf Pad
approximation all lead to the same expansion for the breather, but exhibited differences
in their approximation of the dispersion relation for small amplitude linear waves. The
standard quasi-continuum approximation (corresponding to a (4,@ &apgroximate) has
the unfortunate property of predicting an instability at large wavenumbers. The (4,2) Pad
approximate is more accurate than (4,0) at small wavenumbers but has the same singularity
at larger wavenumbers. The best qualitative approximation of the dispersion relation is
obtained by using the (2,2) Pa@dpproximation which assigns real and finite frequencies to
all wavenumbers—as the discrete dispersion relation does. However, the band which the
predicted frequencies lie in is somewhat broader in the (2,2§ Ragroximation than for
the exact solution.

Although all of the more accurate quasi-continuum approximations have yielded the
same breather solution, the behaviour of small-amplitude linear waves is seen to differ.
This is indicative of possible wider differences in the systems; for example, the manner
in which breathers interact with each other, or with kinks, or with small-amplitude linear
waves could also differ. This is particularly important since it is known that the DSG
equation is not integrable and so the nonlinear modes (breathers and kinks) do not travel
freely through the lattice—rather they shed radiation in the form of small-amplitude linear
waves into the lattice. Analysis of the dynamics of such interactions needs to be undertaken
with great care since simple continuum approximations such as the SG and the (€0) Pad
approximation are not the best available if one aims to analyse interactions of nonlinear
modes using continuum techniques.

The Paé approximation technique was then applied to a generalized discrete nonlinear
Klein—Gordon lattice with non-symmetric potential. This was derived from a coupled chain
model with second-neighbour interactions and diagonal interactions between the two chains.
Again the (2,2) Pail approximate gave qualitatively the best approximation to the dispersion
relation of the lattice.

The nonlinear quasi-continuum PDE was solved using multiple-time-scale asymptotics,
again with three time scales and two space scales. In this more complicated model,
as in the simpler DSG case, the leading-order calculation of a static breather shows no
differences in dynamics or shape from a continuum breather. As with modified KdV
equations [4], differences are found at a higher order, and the analysis presented here
enables alterations to the frequency and spatial shape to be calculated. After deriving
and imposing the necessary secularity conditions, higher-order explicit approximations
for the breather modes were derived. The advantage which this method has over the
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variational methods used earlier [13] is that the current method determines the differences
in shape caused by the discrete nature of underlying space dimension. The price we
pay is that the solutions generated here are valid only in the small-amplitude limit,
so they are unlikely to provide an explanation for the pinning of the large-amplitude
breathers.

One question which this analysis does help to answer is ‘could breathers exist in a
lattice where the parametex, = 0?’ This could occur if second-neighbour interactions
were competitive g < 0), which would implyA4 < 0 and hence the stability of the zero
solution. The dispersion relation is then very flat néa= 0, sincew? ~ I'> + Ok%),
but there still exists a band of frequencies below the linear waves. However, our analysis
shows that breathers of the expected form are not possible as the\limit 0 in (5.12) is
clearly singular. In a more rigorous analysis of the possible existence of breathers in this
lattice, we consider other scalings for the variables:, ... , the correct scalings are then
x1 = '%x, t, = £%¢, which yields the equation

2i0F1y, = Fioon + KIF1°Fy (6.1)

in place of the NLS equation & (s €7). A search for separable solutions to this equation
suggests that there are no solutions which decay as +oo.

Our generalization of the discrete nonlinear Klein—Gordon equation allows a novel type
of breather solution. In cases whete < 0 the dispersion relation shows that the wave
with numberk = 0 has a frequency which is a local maximum. Thus there is no frequency
gap below this but nonlinear waves with a larger frequency are possible.

If ¢ <O0thenA, = f —h + 4g < 0 automatically impliesA; = f —h + 16¢g < O
and so the instability caused by the negative coefficient of the second spatial derivative is
stabilized by the presence of a negative fourth derivative. Provided‘?nat—A%Mg and
I'? > 16¢ — 4A,, the system of ordinary differential equations is stable in the sense that all
wavenumbers have real frequencies. The more accurate quasi-continuum approximations
then give well-posed PDEs even though the standard continuum approximation is ill-
posed. Ify, < —1—903/12 then the resulting nonlinear Scidinger equation has a bright
soliton solution and the breather’s frequency lies abeye= I'. (The case ofA, < 0
with ¢ > 0 is less likely to occur as this requirds> k which implies that an atom’s
interaction with a neighbouring atom is stronger if the atom is on the other chain.) It may
be argued that breather modes above the dispersion relation have more in common with
‘gap solitons’ than breathers, but in our case there is no optical branch of frequencies above
the region where solitons exist. Whether such modes are exact solutions of the kinetic
equations remains an open problem as does their stability; if they are proven to exist,
there is then the question of what happens to this branch of solutions as the amplitude is
increased.

In summary this paper has addressed the question of finding highly accurate
approximations to stationary breathers in Klein—Gordon chains. The reason for concentrating
on stationary breathers is that the standard continuum approximation reveals no difference
between breathers in the continuous and discrete versions of these modes. The more detailed
calculations carried out here reveals the differences which an underlying discrete spatial
structure imposes on the shape of breathers. The calculations require a multiple-scales
analysis, which we have generalized from well known leading-order calculations carried
out previously. When higher-order correction terms are required, secularity conditions need
to be imposed, and here we have found the necessary conditions and solved the resulting
equations. In applying the techniques to two coupled chains with generalized interactions,
we have uncovered some new and intriguing phenomena.
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